February 24th, 2023
TDS - Midterm - Semester 11

Instructions: Closed Book Exam. Please write detailed and correct answers.

1. Let a > 0. Consider the graph Z, with weights p3 .., =a”™.

(a) (5 points) Show the graph (Z. ,u®) has controlled weights. Does it have bounded weights ?
(b) (10 points)Show that the graph is recurrent if and only if o < 1.

2. Let X,, be a random walk on Z3 with natural weights. Let T; be the hitting time of 0. Let n = 1,
A=2>\{0}. Let hy,h: 23> — [0,1] be given by

ho(z) =P*(To2n)=P*(Xp € A 1<k<n)

and

hz) = P*(Th = o0) = P*(X, € 4, for all n > 0).

(a) (8 points) Show that h, = Q™14 and h = Qh, where @ is the restriction of P onto A.
(b) (2 points) Suppose a = sup,¢ 4 h(z), show that 0 <a <1and h < ala

(c) (3 points) Using (i) and (ii), conclude that h < arhy,

(d) (2 points) Conclude that maxzeaa h(z) # sup,e 4 h(z).

3. Consider T to be the join of two copies of Z* at their origins. Write 23,

iyt = 1,2 the two copies,
and 0; for their origins. Let

F = {X is ultimately in Z},,}
and let h(z) = P*(F).
(a) (3 points) Show that h is harmonic,
(b) (4 points) Show that h(z) > P*(X never hits 0,) for z € 23,
(¢) (4 points) Show that h(z) < P®(X hits 0;) for z € 23,
)

(d) (4 points) Decide whether I' has the Liouville Propety All bounded harmonic functions on T’
are constant.

4. Let H3(V) = {f € C(V) : &(f, f) < oo} where

=123 ¥ tay(f(&) — 1@))(o(2) — 9(w) and | F llwa= E(F. ) + S,

zeV yev

for f,g € C(V) and (fixed) p € V. Show that H*(V) is a Hilbert space.



